Abstract-The paper presents a new method for empirical assessment of tsunami recurrence parameters, namely the mean tsunami activity rate k T , the Soloviev-Imamura frequency-magnitude power law b T -value, and the coastline-characteristic, maximum possible tsunami intensity i max . The three coastlinecharacteristic recurrence parameters are estimated locally by maximum likelihood techniques using only tsunami event catalogues. The method provides for incompleteness of the tsunami catalogue, uncertainty in the tsunami intensity determination, and uncertainty associated with the parameters in the applied tsunami occurrence models. Aleatory and epistemic uncertainty is introduced in the tsunami models by means of the use of mixture distributions. Both the mean tsunami activity rate k T of the Poisson occurrence model, and the b T -value of the Soloviev-Imamura frequency-intensity power law are random variables. The proposed procedure was applied to estimate the probabilities of exceedance and return periods for tsunamis in the tsunamigenic regions of Japan, Kuril-Kamchatka, and South America.
Introduction
Since 2004, four devastating tsunamis following major earthquakes have caused unprecedented destruction and loss of life. The events in Sumatra (2004) , Japan (2011 ), and Chile (2010 have reemphasised the need for comprehensive and accurate hazard assessment, taking into account both earthquakes and tsunamis. Earthquake hazard assessment procedures, both probabilistic and deterministic, are well-defined and applied; however, until quite recently, the same could not be said about tsunami hazard assessment.
Tsunamis can be generated by earthquakes, volcanogenic processes, submarine landslides, and meteorites. Among those, earthquakes with frequent occurrences generate the most destructive tsunamis, whereas the other processes have a much smaller probability of occurrence. Therefore, most current research focusses primarily on assessing the tsunami hazard generated by earthquakes.
In essence, the tsunami hazard for a specified area can be assessed in two ways, namely by deterministic and probabilistic procedures. Deterministic methodologies focus on a single event, usually the worstcase scenario, by modelling the resultant wave run-up height (or tsunami intensity). Little or no emphasis is placed on the probability of such an event occurring (e.g. Tinti and Armigliato 2003; Hébert et al. 2005; Paulatto et al. 2007; Lorito et al. 2008; Shaw et al. 2008; Wijetunge 2014) . Such an approach provides valuable information for disaster management agencies charged with response planning to minimise the potential effects. Recently, researchers increasingly focus on assessing the deterministic tsunami hazard with the help of the worst-case credible tsunami scenario method (Tonini et al. 2011; Grilli et al. 2011; Harbitz et al. 2012) . This involves the development of an aggregated scenario based on several, independently assessed deterministic scenarios. Probabilistic tsunami hazard assessment (PTHA), in turn, considers all possible earthquake scenarios (both locally and regionally) that could generate tsunamis of various intensities. Accordingly, this approach provides a comprehensive estimate of the total hazard that confronts a specific area (e.g. Geist and Parsons 2006; Power et al. 2007; Thio et al. 2007 , Sørensen et al. 2012 Brizuela et al. 2014) . Determining the probability of occurrences and return periods is crucial for the risk mitigation processes of disaster management, engineering, and insurance companies. The disadvantage of PTHA through probabilistically assessing the occurrence of potential sources is that it requires extensive research and modelling to identify all the potential sources, like for example earthquakes, and to assess the hazard and the resultant wave propagation. Moreover, these models have to consider aleatory and epistemic uncertainties to prevent the underestimation of the tsunami hazard. Aleatory uncertainty refers to the natural stochastic nature, which is characteristic of the physical system, whereas epistemic uncertainty is attributed to the incompleteness of the information on the system. PTHA can be conducted using three distinct procedures. In the first procedure PTHA comprises of computational analyses, which take into account the known and available information on the earthquake source parameters as well as the propagation of waves, the recurrence rate, and the underlying uncertainties. This procedure generally follows the same route as standard probabilistic seismic hazard analysis (PSHA), as developed by Cornell (1968) and McGuire (1976) . Examples of the application of this procedure are available in Lin and Tung (1982) , Rikitake and Aida (1988) , Ward and Asphaug (2000) , Downes and Stirling (2001) , Ward (2001 Ward ( , 2003 , Geist (2005) , Geist and Parsons (2006) , Liu et al. (2007) , Burbidge et al. (2008) , González et al. (2009) , Power et al. (2007) , Sørensen et al. (2012) , and Brizuela et al. (2014) . The steps followed in computational PTHA are the identification and characterization of tsunamigenic source recurrence parameters. Such characterization includes the estimation of the coastline-characteristic maximum possible earthquake magnitude, the creation of tsunamigenic scenario earthquake event catalogues based on identified sources, numerical propagation modelling, and the estimation of potential inundation. The results of all possible scenario events are then combined to create tsunami hazard curves and maps.
The techniques used to provide explicit provision for epistemic uncertainty in the PTHA includes the use of a logic-tree approach, similar to that used for PSHA (Petersen et al. 2002; Annaka et al. 2007) .
A second procedure is based on Bayesian inferences (Grezio et al. 2010 (Grezio et al. , 2012 Yadav et al. 2013; Tatsumi et al. 2014; Anita et al. 2015) . This procedure allows incorporation of all significant, independent prior information pertaining to the tsunami hazard for a specified region. In this way, the knowledge of the physical nature of the process is combined with the likelihood of the process, based on historical event information.
The third procedure focuses entirely on the empirical analysis of historical tsunami event records (Burroughs and Tebbens 2005; Tinti et al. 2005; Burbidge et al. 2008) . Accordingly, the assessment of the hazard can proceed without prior knowledge of the type or location of the process that triggered the tsunami. If sufficient data are available from tsunami catalogues, site-specific hazard curves can be developed or alternatively be used as regional priori information relating to far-field tsunami-generating sources (Geist and Parsons 2006) . Using this procedure, the PTHA for an area can be assessed by means of stochastic modelling of conditional probabilities of tsunami recurrence times (Orfanogiannaki and Papadopoulos 2007) or by means of frequencymagnitude relationships (Soloviev 1970; Rikitake and Aida 1988; Tinti 1993) . Empirical methods, however, are highly dependent on the completeness and quality of the tsunami catalogue.
The major problem with the empirical modelling of tsunami intensity data is that it requires adequate historical and instrumental information for the tsunami run-up heights or intensity values. This problem is discussed in various studies, e.g. Burroughs and Tebbens (2005) and Anita et al. (2015) . Moreover, small datasets can introduce high levels of uncertainty and significant bias to the results. The proposed procedure of the current study aims to solve this problem by applying methodology specifically designed to assess recurrence parameters for highly incomplete and uncertain datasets.
The methodology proposed in this study is focused on the empirical assessment of the tsunami recurrence parameters for probabilistic tsunami hazard assessment, based on a similar methodology as described by Kijko et al. (2016) for earthquakes. These recurrence parameters are the mean tsunami activity rate k T , the Soloviev frequency-magnitude power law b T -value, and the coastline-characteristic, maximum possible tsunami intensity i max . The three tsunami recurrence parameters are derived from tsunami catalogues by taking into consideration the incompleteness of the catalogue, uncertainty in the tsunami intensity determination, as well as the uncertainty associated with the applied tsunami occurrence models. The uncertainty in the tsunami occurrence models is introduced by assuming that both the mean tsunami activity rate k T and the frequency-magnitude power law b T -value are random variables, each described by the secondary mixing distribution such as the gamma distribution. This approach results in the extension of the classic frequency-intensity Soloviev-Imamura relation and the Poisson distribution of the number of tsunamis with their mixture distribution counterparts (Benjamin 1968; Campbell 1982 Campbell , 1983 . These mixture distributions are often referred to as Bayesian distributions (Campbell 1982) or sometimes as compound (Benjamin and Cornell 1970) distributions. This procedure is adapted for application to a tsunami event catalogue to assess the probabilities of exceedance for a specified tsunami intensity i, and the relevant return periods. In the next section, the methodology by Kijko et al. (2016) is defined in terms of tsunamis and, subsequently, applied to the tsunamigenic zones of Japan, Kuril-Kamchatka, and South America.
Methodology
The proposed PTHA procedure requires knowledge of three parameters, namely (1) the mean tsunami activity rate k T representing the number of tsunamis expected to occur within a specified stretch of coastline, with intensities equal or larger than i min within a unit of time, usually 1 year; (2) the parameter b T describing the ratio between weak and strong tsunami intensities; and (3) the coastline-characteristic maximum possible tsunami intensity i max . In PTHA, the parameter b T plays the same role as the bvalue in the frequency-magnitude Gutenberg-Richter relationship for earthquakes. In addition, the coastline-characteristic maximum possible tsunami intensity i max is assessed in a similar manner as that of the area-characteristic maximum possible earthquake magnitude m max .
In this section, the applied models and procedures for the assessment of the three key tsunami recurrence parameters are outlined through the introduction of the tsunami occurrence distribution. The parameters are the activity rate k T , the intensity distribution model for b T , which describes the relation between number of events and the intensities, as well as a method to estimate the coastal-characteristic maximum possible intensity i max . In the rest of the text, the parameters k T and b T will be denoted as k and b, respectively, unless indicated otherwise.
Nature of Input Data
Similar to earthquake catalogues, tsunami records are frequently incomplete, thus complicating the statistical analysis of tsunami hazard (Burroughs and Tebbens 2005; Anita et al. 2015) . Figure 1 depicts the proposed approach to assess tsunami hazard by making provision for the tsunami event catalogue to contain the following two types of data, namely (1) the strongest historic tsunamis that occurred over the past few hundred years, and (2) complete recent data observed over a recent and relatively short period of time. Often, the complete part of the catalogue can be divided into subcatalogues, each of which is complete for tsunami events above a given threshold intensity i ðjÞ min , and which occurred in a certain period of time t j; where j ¼ 1; . . .; s and s is the number of complete tsunami sub-catalogues. The different levels of completeness i ðjÞ min often follow a monotonically decreasing trend over time, with the most recent sub-catalogues having the lowest level of completeness. One advantage of viewing the data in this form is that provision can be made explicitly for time gaps (T g Þ in the event catalogue when no event information is available or has been collected.
The desired coastline-characteristic tsunami hazard parameters h ¼ ð k; b; i max Þ are estimated using the maximum likelihood estimation (MLE). Vol. 174, (2017) Probabilistic Tsunami Hazard Assessment from Incomplete and Uncertain Historical Catalogues 3067
Likelihood functions are defined for the historic part L H ðhÞ; as well as for complete catalogue L C ðhÞ which consists of the likelihood function of each of the s sub-catalogues. Utilising the additive property of the likelihood function LðhÞ, (Rao 1973) , the MLE function for the entire catalogue is of the form
Each of the likelihood functions is defined in terms of the tsunami occurrence and intensity distribution models.
Tsunami Occurrence Model
First, the tsunami occurrence model is defined. It relies on the assumption that the temporal distribution of the tsunami events observed along a stretch of coastline can be modelled by a Poisson process (e.g. Geist and Parsons 2006) . This corresponds with a similar assumption for the temporal distributions of tsunami-generating processes such as earthquakes (Kramer 1996; Cornell 1968; Lomnitz 1973; Gardner and Knopoff 1974; Cao and Gao 2002) , submarine landslides (Urlaub et al. 2013) , volcanogenic processes (Jones et al. 1999; Dzierma and Wehrmann 2010) , and meteorites (Ward and Asphaug 2000) . Approximately 75% of the global recorded historical tsunamis are attributed to earthquakes (Gusiakov 2009 ).
Following the Poisson assumption, the probability that along a certain stretch of coastline n tsunami events will be observed within a specified time interval t is described as
where k kði min Þ refers to the parameter of the Poisson distribution and describes the mean (annual) activity rate of tsunamis with an intensity greater than or equal to i min .
Intensity Distribution Model
Similar to earthquakes, the number of tsunami events observed are related to the intensity (size) of the events. Studies by Soloviev (1970) , Houston et al. (1977, including references listed within), Horikawa and Shuto (1983) , Burroughs and Tebbens (2005) , and Geist and Parsons (2006) indicate that tsunami intensity can be described by a power-law distribution in the format
where i is the Soloviev-Imamura tsunami intensity, nðiÞ is the number of tsunami events per annum, and a and b are defined as constants. Defining b ¼ b lnð10Þ and a ¼ ln a, Eq. (3) can be rewritten as Figure 1 Illustration of data that can be used to obtain recurrence parameters of the tsunami. The applied approach allows combining the largest (historic tsunamis), and complete data having a variable level of completeness. This approach accepts 'gaps' (T g ) where records are missing.
Modified after Kijko and Sellevoll (1992) 3068
Empirical studies show that the tsunami intensity i follows the same power-law distribution as the earthquake magnitude m in the case where the applied scale of tsunami strength is one of the scales, as introduced by Sieberg (1927) , Soloviev (1970) , Ambraseys (1962) , Papadopoulos and Imamura (2001) , and Geist and Parsons (2006) . Equation (4) is, therefore, equivalent to the classic GutenbergRichter frequency-magnitude relation log n m ð Þ ¼ a À bm Richter 1942, 1956) , with m indicating the earthquake magnitude. The power law defined in Eq. (3) is not the only model used to describe the distribution of tsunami intensity i. A comprehensive review and discussion of alternative tsunami size distributions were presented by Burroughs and Tebbens (2005) and Geist and Parsons (2006) . The Soloviev (1970) scale is used in the current study as it is the standard intensity scale used in most tsunami event datasets.
Regardless of the applied tsunami intensity scale, the intensity value i is linked with the average tsunami run-up h along a coastline. For example, when the intensity i is expressed in the units of the Soloviev scale (Soloviev 1970) , the value of i is calculated from the average tsunami run-up height h (in metres) along a coastline as
We assume that the tsunami intensities i occurring along a stretch of coastline are continuous, independent random values distributed according to the power-law (Eq. (3)). Following, for example, Tebbens (2001, 2005) , the probability distribution function (PDF) and the cumulative distribution function (CDF) of tsunami intensity takes the same functional form as the CDF for earthquake magnitude (Page 1968; Cosentino et al. 1977) . The PDF and CDF are, therefore, defined for intensity i, for a minimum threshold value i min ; and is truncated from the top by the coastline-characteristic maximum possible tsunami intensity i max , such that
and
for b ¼ blnð10Þ.
Account for Uncertainty in Occurrence Models
The types of uncertainties which are accommodated in the proposed procedure are the uncertainty associated with the determination of tsunami event intensities and the uncertainty associated with the parameters of the applied occurrence models.
Most earthquake event catalogues indicate that seismogenic processes are subjected to variations ranging from temporal trends to pure random fluctuations. A wide range of opinions on spatial and temporal fluctuations in seismicity patterns, as well as an extensive reference list can be found, e.g. in the publications by Ogata and Abe (1991) , Mora (2001) , Karakaisis et al. (2002) and, more recently, Talbi and Yamazaki (2009) . As the majority of tsunami phenomena are generated by earthquakes (Gusiakov 2009) , it is assumed that the fluctuation in the earthquake activity rate gives rise to similar fluctuations in their tsunami counterparts.
In the proposed approach, the potential temporal and spatial fluctuations in the tsunami recurrence parameters are accommodated by using mixture distributions. In utilising mixing distributions, the parameters of the Poisson occurrence model (k) and the exponential intensity distribution (b) are treated as random variables that can be described by a specific distribution. The Poisson and exponential Vol. 174, (2017) Probabilistic Tsunami Hazard Assessment from Incomplete and Uncertain Historical Catalogues 3069 distributions are defined as the original distribution, and the random variable parameter distributions as the mixing distribution. A convenient choice for a mixing distribution in many research fields is the twoparameter gamma PDF. This distribution is flexible and able to take on several different forms through the shape (pÞ and scale (qÞ parameters and provide solvable solutions for the mixture distributions. The mixture distributions can also be described in terms of empirical Bayesian theory where the gamma mixing distribution is considered as the priori distribution, the resultant mixture distribution as the predictive posterior distribution and the parameters p and q as the hyperparameters. Yadav et al. (2013) applied the Bayesian formalism in terms of a uniform priori distribution for all three recurrence parameters. The application of the classic Bayesian theory requires that an assumption be made regarding the uncertainty in the data through an a priori distribution before the analysis of the data. With mixture distributions, the uncertainty in the data follows directly from the observed data itself. The mixture distributions defined in this paper provides an alternative formalism to the classic Bayesian method while relying purely on the empirical data. The tsunami occurrence distribution (Eq. (2)), which makes provision for uncertainty in parameter k, can be defined as a Poisson-gamma distribution of the form
where CðqÞ is the gamma function, the parameters p k and q k represent the parameters of the gamma function such that p k ¼ k=r
k , and k denotes the mean value of the activity rate k. Similarly, the tsunami intensity distribution (Eq. (7)) can be redefined to include the uncertainty through the mixture exponential-gamma distribution defined as
, and b and r b; , respectively, denote the mean and the standard deviation of b. Both Eqs. (8) and (9) can be rewritten in terms of q k and q b .
Accounting for Uncertainty in Tsunami Intensity Determination
By definition, it is impossible to assess the tsunami intensity without error. The scaling coefficients in the frequency-intensity power law depend on various factors, such as the length of the tsunami catalogue, the measurement range, and the level of completeness of the catalogue (Geist and Parsons 2006) . Historical tsunami catalogues can contain inaccuracies attributable to the incomplete nature of the available information. Errors that can appear in the catalogue consist of the misclassification of other meteorological or hydrological phenomena and the misinterpretation of the available data descriptions (Gusiakov 2009 ).
To account for the possibility of aleatory and epistemic errors in the estimation of tsunami intensities, two types of models are considered, namely the Hard Bounds Model and the Soft Bounds Model. In the Hard Bounds Model (Kijko and Sellevoll 1992) , the real, unknown tsunami intensity is assumed to occur within fixed boundary limits. The Soft Bounds Model, in turn, assumes that the uncertainty over the real, unknown magnitude can be described by a Gaussian distribution. For the purpose of this article, a Soft Bound Model is applied with a zero mean and a standard deviation r I , such that the CDF (Eq. (10)) of the observed tsunami intensity becomes )
in which the PDF f I f ð Þ is the mixture exponentialgamma intensity distribution (Eq. (8)) and has the closed-form expression (Kijko et al. 2016 ) (12) is available in the appendix of Kijko et al. (2016) .
Estimation of Recurrence Parameters
The desired coastline-characteristic tsunami hazard parameters h ¼ ð k; b; i max Þ are estimated by maximising the likelihood function (Eq. (1)). The likelihood functions are derived separately for historical and complete tsunami catalogues.
Historical Tsunami Catalogues
As historical, pre-instrumental tsunami catalogues are considered to contain only large events, the likelihood function can be constructed using an extreme distribution function. In the historical catalogue it is assumed that the time span t 0 , contains n 0 largest tsunami events, each with an intensity equal to or exceeding a certain intensity threshold value i 0 , such that i 0 is larger than or equal to the overall minimum intensity of interest for the entire catalogue i min . This overall minimum intensity should not exceed any of the other threshold intensities in the overall catalogue. The time span t 0 is further defined as the sum of the time intervals t 0k between the historical events for k ¼ 1; . . .; n 0 .
The probability that in an arbitrary time interval t, either no tsunami occurs or all the occurring events have intensities not exceeding i 0 could be expressed as the CDF
with the corresponding PDF for the largest historic tsunami intensity event in time period t defined as
where
denotes the mean (usually annual) activity rate for tsunami events with intensities i ! i 0 , and k kðm min Þ is the mean activity rate corresponding to the intensity value i min .
The likelihood function for the tsunami intensity i 0 within a period t 0 , for the unknown vector parameter h, is described in terms of the ðn 0 Â 1Þ vectors i 0 and t 0 in the form
The vectors consist of the n 0 largest tsunami intensities i 0k , associated with time intervals t 0k , when
the coefficients of variation of the unknown k and b.
Complete Catalogues at Different Levels of Completeness
The complete part of the tsunami event catalogue can be divided into s sub-catalogues, each with a time span t j ðj ¼ 1; . . .; sÞ; and completeness starting from the known tsunami intensity i ðjÞ min . The function L j ðhji j Þ is the likelihood function of the unknown vectors of the j th sub-catalogue, i.e. h ¼ ð k; b; i max Þ and i j (tsunami intensities with thresholds such that i jk ! i ðjÞ min , for k ¼ 1; 2; . . .; n j ). Furthermore, by assuming that the tsunami intensities are independent of each other, the likelihood function L j ðhji j ; t j Þ is defined for each complete sub-catalogue j and is the product of the two functions, L j ð kjn j ; t j Þ, the likelihood function of k; as well as L j ð bji j Þ, the likelihood function of b. The likelihood function L j ð kjn j ; t j Þ is subsequently defined on the basis that the occurrence model of tsunamis follows the mixture Poisson-gamma distribution (Eq. (8)), such that
in which k ðjÞ is the mean (annual) activity rate, corresponding to threshold intensity level of completeness i ðjÞ min and is given by
with F M ðÁjÁÞ as defined in Eq. (9). Similarly, the likelihood function L j bji j À Á ; of parameter b based on jth sub-catalogue of the complete part of tsunami catalogue is defined as
The likelihood function, based on all s complete sub-catalogues takes the form
Estimation of i max
The coastal-characteristic maximum possible intensity i max cannot be calculated using the sample likelihood function LðhÞ, as defined in (Eq. (18)), as it violates the conditions of regularity (Eadie et al. 1971; Davison 2003) . The procedure by Cooke (1979) is, therefore, considered, where the possible maximum intensity is determined as the observed maximum intensity of the entire catalogue, plus some additional information. This leads to an estimated value of the largest expected tsunami intensity E½i obs max ; t as discussed by the authors Kijko (2004) and Kijko and Singh (2011) 
Here, F I ðfÞ denotes the mixture CDF of tsunami intensity (Eq. (9)). The integral in Eq. (19) only has an analytical solution through the application of the approximation by Cramér (1961) . This leads to an equation for the coastal-characteristic maximum possible intensity in the form
in which r ¼
and C Á; Á ð Þ is the complementary incomplete gamma function (Abramowitz and Stegun 1970) , which is solved iteratively. The approximate variance of i max is
in which r I denotes the standard error in the determination of the largest observed tsunami intensity i obs max .
One disadvantage of using the procedure in the assessment of i max is the potential underestimation of the value, especially when the tsunami event catalogue is short (Kijko 2004) . Kijko (2012) discussed potential improvements of the procedure; however, it is not implemented in this article.
The i max in Eq. (20) is defined through the truncation of the frequency-intensity power law and is known as a sharp cut-off intensity value. It means that no tsunami of intensity exceeding i max is considered to be possible. One has to note that this is only one of the many possible models of assessing a sharp cut-off value according to the frequency-intensity distributions. An alternative model for the assessment of the upper limit for the frequency-intensity can also be considered, namely the soft cut-off model as described in earthquake studies. This model assumes that after a certain magnitude value, the prevailing distribution 3072 A. Smit et al. Pure Appl. Geophys. decays at a faster rate than the assumed power-law. Authors such as Kagan (1991 Kagan ( , 1997 Kagan ( , 2002a Kagan ( , b, 2010 , Main (1996) , Sornette and Sornette (1999) , Vere-Jones et al. (2001) , Pisarenko and Sornette (2003) , Kagan and Schoenberg (2001) , Bird and Kagan (2004) , and Pisarenko et al. (2008 Pisarenko et al. ( , 2014 discuss the finiteness of earthquake magnitude in terms of the dissipative nature of physical dynamic systems. Several potential 'decay' distributions are discussed, including the exponential and gamma distribution. For the purpose of this paper, the hard cut-off method was used but the applied methodology is open to any model of the frequency-intensity distribution.
The desired coastline-characteristic tsunami likelihood function LðhÞ as defined in Eq. (1) is obtained by combining the likelihood functions for historical (Eq. (14)) and complete catalogues (Eq. (18)) maximising the likelihood function (Eq. (1)). By maximising LðhÞ through the MLE procedure, the tsunami parameters h ¼ k; b; i max À Á are obtained.
Special Instances
Similar to earthquake catalogues, tsunami event catalogues can at times consist of only historical or only complete data (Fig. 1) . The tsunami recurrence parameters, for instance, where only historical data are available is defined as
where A is a column vector, with elements
. . .; n 0 , and
The maximum likelihood estimates for the recurrence parameters k and b for Eq. (22) are obtained for the specified i max .
Similarly, the estimated recurrence parameters are obtained in an instance when only complete tsunami catalogues are available. By applying the additive property of likelihood functions (Rao 1973) , the maximum likelihood estimate of the k and b-value are derived as in Kijko and Smit (2012) 
where u j ¼ n j =s; n ¼ P s j¼1 n j is the total number of tsunamis in a complete catalogue, with intensities equal to or exceeding the relevant level of completeness i ðjÞ min; , andb ðjÞ is defined aŝ
Here, i j = P n j k¼1 i jk =n j denotes the mean value of tsunami intensities observed within the complete part of catalogue j.
Example of Application
We now apply the proposed methodology to three tsunamigenic regions in the Pacific Ocean, namely Japan (JAP), Kuril-Kamchatka (K-K), and the western coast of South America (SAM). The international tsunami database used in this study was provided by Dr. V. K. Gusiakov of the Novosibirsk Tsunami Laboratory of the Institute of Computational Mathematics and Mathematical Geophysics (NTL/ ICMMG) SDRAS, Novosibirsk, Russia (HTDB/ WLD 2013). This database hosts worldwide historical and instrumental tsunami observations for the period 47 BC to 2015, with the main intensity measurement being the Soloviev-Imamura scale, ranging from -5 to 5. The boundaries for the identified tsunamigenic regions as provided in the NTL/ICMMG database were used. These boundaries, depicted in Fig. 2 , follow the zoning used in the NGDC map by Lockridge and Smith (1984) and Gusiakov (2005) .
The GITEC catalogue criteria (Tinti and Maramai 1996; Tinti et al. 2001 ) were used to ensure that the data employed represented the best available information. This criterion assigns a validity index to each Vol. 174, (2017) Probabilistic Tsunami Hazard Assessment from Incomplete and Uncertain Historical Catalogues 3073 observation in the database, such that index value 0 indicates that the event is considered extremely improbable (probability near 0%), 1 is considered as improbable (probability approximately 25%), 2 as questionable (probability approximately 50%), 3 as probable (probability approximately 75%), and 4 as a definite tsunami (probability near 100%). The final catalogues for the three identified regions contain only tsunami events with a validity index of 3 or higher. Events with no coordinates (latitude or longitude) or no intensity values were excluded. The final catalogues for Japan, Kuril-Kamchatka, and South America contained 214, 73, and 79 events, respectively. In the first step, the historical and complete subcatalogues were identified for each of the three regions. Each sub-catalogue and level of completeness were identified with the help of the visual cumulative method . Provision was made for intensity errors of 0.5 and 0.1 units, respectively, for the historical and the complete catalogues in each of the regions. Table 1 provides the input parameters, as well as the estimated recurrence parameters based on the proposed procedure for probabilistic tsunami hazard assessment.
It was assumed that the uncertainty for the tsunami-occurrence model parameters was equal to an adjustable, arbitrary value of 25%, meaning that the space-time variation in the estimated recurrence parameters of k and b (or equivalently the b-value) was 0.25. This 25% uncertainty follows from extensive investigations into the analogous parameters of earthquake occurrence models based on tectonic datasets across the globe. Figure 3 depicts the estimated mean return period, Fig. 4 the annual probability of exceedance, and Fig. 5 the probabilities of exceedance for 5, 10, and 25 years for various tsunami intensities. Figures 3 and 4 also provide the one standard deviation confidence intervals for the mean return periods and probabilities of exceedance. The values are calculated using the mean and standard deviations from the variance-covariance matrix. From a physical point of view, these confidence intervals reflect the uncertainty of the input data as well as the uncertainty associated with the parameters in the applied occurrence models. Table 2 provides examples of the return period and probabilities of exceedance for each of the regions for intensities larger than 1.5, 2.0 and 2.5 and for the time periods 1, 10, and 25 years.
The results obtained were compared with the respectable b-values obtained by Orfanogiannaki and Papadopoulos (2007) , who also investigated the regions of Japan, Kuril-Kamchatka, and South America by developing stochastic approaches to utilise observed earthquakes in order to assess the potential for tsunami generation. These authors investigated the probability of tsunami occurrence, first, by using conditional probabilities for tsunami occurrence as a function of time and, second, by obtaining the product of the conditional probabilities with the ratio of the number of earthquakes generating tsunamis and the total number of earthquakes by 1961-2011 1960-2009 1960-2015 applying the total probability theorem. Orfanogiannaki and Papadopoulos (2007) utilised the database, as described in Gusiakov (2001) , for the time periods 1900-2000. The b-values, obtained with the help of linear regression for the three regions of interest, are 0.34 for Japan, 0.56 for Kuril-Kamchatka, and 0.34 for South America. The associated estimated mean annual rates of activity k for the three regions are 1.02 for Japan, 2.26 for Kuril-Kamchatka, and 1.64 for South America. The results obtained for Japan are comparable to those obtained by Orfanogiannaki and Papadopoulos (2007) , but not to those for KurilKamchatka, and South America. In addition, Orfanogiannaki and Papadopoulos (2007) and Koravos et al. (2015) investigated the tsunami hazard for these areas by calculating the conditional probabilities of occurrence for specified tsunami intensities. These values are not comparable with the probabilities of exceedance calculated in the present study. A question that immediately arises is what the difference will be between the results of the PTHA using the mixture distributions compared to the results provided by the same model when no uncertainty in the parameters of the occurrence models was taken into consideration. As a test, the data for Japan were applied to the defined mixture distributions (Poisson-gamma and exponential-gamma) as well as to the simple occurrence distributions of Poisson and exponential. Japan was chosen as it is the dataset with the most observations. The results are provided in Table 3 below. A significant increase can be seen in the estimated parameters and probabilities of exceedance as well as significant decrease in the return periods. The estimated hazard, therefore, increased when uncertainty regarding the occurrence model was taken into consideration.
Discussion and Conclusions
Over many years, considerable effort has been made to assess the tsunami hazard at vulnerable Table 2 Return period and probabilities of exceedance for Japan, KurilKamchatka, and South America for intensities larger than 1.5, 2.0, and 2.5 and for time periods 1, 10, and 25 years coastal areas; yet, significant uncertainty is still associated with the applied methodologies and research results. This uncertainty is attributable in part to the different generating mechanisms, ranging from near-and far-field earthquakes to submarine slumps and volcanoes. In addition, the bathymetry of the affected local coastline influences the intensity and height of the tsunami wave, either increasing or reducing the force of the incoming wave. Ultimately, the small number of events in any tsunami catalogue significantly increases the number of assumptions that have to be made in any tsunami hazard assessment process. This paper presented a methodology to assess the coastline-characteristic tsunami hazard based on empirical catalogues. The methodology, originally defined in terms of probabilistic earthquake hazard assessment, is highly flexible, allowing for the transition to PTHA. It takes into account only the observed tsunami intensity and makes no assumptions about the source of the tsunami. The formalisms focus on the assessment of tsunami recurrence parameters, the mean tsunami activity rate k, and the Soloviev-Imamura frequency-intensity power law bvalue based on incomplete catalogues, the uncertainty in the tsunami intensity determination, as well as the uncertainty associated with the parameters of the applied tsunami occurrence models. The procedure explicitly allows for both aleatory and epistemic uncertainty by introducing mixture distributions, where the recurrence parameters are assumed to be random variables that can fluctuate. For this purpose, the gamma distribution was introduced as the mixing distribution in both the tsunami occurrence and intensity distribution models. The ability to view the recurrence parameters as random variables allows the user to define models that closer echo reality. As seen in Table 3 , the exclusion of parameter uncertainty has a significant impact on the estimated hazard indicating that the simpler models may lead to the underestimation of the tsunami hazard for a region.
Although the methodology is described in terms of historical and complete catalogues, pre-historic tsunami information can be included in the analysis as well. For a more detailed discussion on the derivation of the parameters, refer to Kijko and Sellevoll (1992) , Kijko and Smit (2012) , and Kijko et al. (2016) . Furthermore, the methodology allows for the application of any frequency-intensity power law describing the tsunami intensity (with the relevant adjustments to the intensity distributions).
It is safe to assume that the other parameters associated with tsunamis, such as the direction of the wave propagation and the local bathymetry, would affect the hazard estimates, resulting in adjusted site effects locally. The accuracy of the estimated recurrence parameters can be enhanced by incorporating these site effects by means of Bayesian statistics, similar to the procedure followed by Grezio et al. (2010 Grezio et al. ( , 2015 , and Yadav et al. (2013) . A posterior probability is created by combining physical knowledge of the tsunami process, as a priori probability, with the likelihood function LðhÞ.
Several factors have to be taken into consideration when this proposed methodology is used. First, the formalisms are dependent on the choice of level of completeness (LoC). This concern could potentially be addressed through the application of similar formalisms by Kijko and Smit (2017) who provide two new equations for the estimation of seismic recurrence parameters without using LoC. In addition, the uncertainty associated with the intensity error influences the derived recurrence parameters, as does the choice of uncertainty associated with the occurrence model. The choice of frequency-intensity distribution could also have an impact on the results since these formalisms do not take into account the local bathymetry conditions. Great care has to be taken to ensure that a model is presented that is as objective as possible and, in addition, can accommodate the various uncertainties without severely over-or underestimating the hazard.
Future research relating to the discussed methodology includes an investigation into the effect the inclusion of parameter uncertainty has on the final hazard estimates, the testing of the validity of the selected model compared to the observed data as well as other potential models with the use of the, e,g. Akaike information criterion (AIC) as well as how an alternative method of i max estimation (soft cut-off method) will affect the estimated hazard for a region. 
